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Abstract
A space X has a regular Gδ-diagonal if the diagonal in X×X can be represented as the intersection
of the closures of a countable family of its neighbourhoods in the square.
Below we generalize a theorem of McArthur [W.G. McArthur, Gδ-diagonals and metrization the-
orems, Pacific J. Math. 44 (1973) 613–617] to bounded subsets of spaces with a regular Gδ-diagonal
showing that all such subsets are metrizable (Theorem 1). If a dense subspace Y of the product
of some family of separable metrizable spaces has a regular Gδ-diagonal, then Y is submetrizable
(Theorem 14).
We also study the regular Gδ-diagonal property in the setting of paratopological groups. It is
proved that every Hausdorff first countable Abelian paratopological group has a regular Gδ-diagonal
(Theorem 17). However, it remains unknown whether “Abelian” in the above statement can be
dropped. We also provide the first example of a countable (therefore, normal) Abelian paratopo-
logical group G with a countable π -base such that the space G is not Fréchet–Urysohn and hence,
is not first countable. This is in contrast with the fact that every Hausdorff topological group with
a countable π -base is metrizable. Several related results on submetrizability are obtained, and new
open questions are formulated.
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Many natural, interesting and useful restrictions on a topological space can be formu-
lated in terms of location of the diagonal in the square of the space. One of them is the
Gδ-diagonal property, much studied and rather well understood. Very close to it, at least
in appearance, is the regular Gδ-diagonal property; the diagonal can be represented as the
intersection of the closures of a countable family of its neighbourhoods in the square. This
property was much less studied, though there were some delicate papers devoted to it, in
particular, by Zenor [13], Martin [9], and McArthur [10]. However, it is, probably only
now that we are beginning to realize how much stronger the second property is than the
first one, and how amazingly little we know about the second one.
Below we present several results confirming this point of view, though this is not an
attempt at a systematic and comprehensive study of the regular Gδ-diagonal property. One
of our results generalizes a theorem of McArthur [10] to bounded subsets of spaces with
a regular Gδ-diagonal (Theorem 1). This implies that every σ -bounded space X with a
regular Gδ-diagonal has a σ -discrete network (Corollary 6). If a dense subspace Y of the
product of some family of separable metrizable spaces has a regular Gδ-diagonal, then
Y is submetrizable (Theorem 14). This result should be compared to a recent result of
R. Buzyakova: if a space Y with the countable Souslin number has a regular Gδ-diagonal,
then the cardinality of Y does not exceed 2ω.
We also study the regular Gδ-diagonal property in a more narrow setting of paratopolog-
ical groups. A family γ of non-empty open subsets of a space X is called a local π -base
at a point p ∈ X if every open neighbourhood Op of p contains some U ∈ γ (that is,
γ is a π -base at p). We prove that every Hausdorff first countable Abelian paratopolog-
ical group has a regular Gδ-diagonal (Theorem 17). This improves some earlier results
(see [1,5]). However, it remains unknown whether “Abelian” in the above statement can
be dropped. We also give the first example of a countable normal Abelian paratopologi-
cal group G with a countable local π -base such that the space G is not Fréchet–Urysohn
and therefore, is not first countable. This is in a sharp contrast with the fact that every
Hausdorff topological group with a countable local π -base at the neutral element is metriz-
able. Several related results on submetrizability of spaces with a regular Gδ-diagonal are
obtained. A few intriguing new open questions on the regular Gδ-diagonal property are
formulated.
All topological spaces in this article are assumed to be T1. We follow notation and
terminology in [8]. For a survey of covering properties see [2].
2. General properties of spaces with a regular Gδ-diagonal
A space X is said to have a regular Gδ-diagonal if the diagonal Δ = {(x, x): x ∈ X}
can be represented as the intersection of the closures of a countable family of open neigh-
bourhoods of Δ in X × X. Every space with a regular Gδ-diagonal is Hausdorff. Indeed,
according to Zenor [13], a space X has a regular Gδ-diagonal if and only if there exists a
sequence {γn: n ∈ ω} of open covers of X with the following property:
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of x and y, respectively, and k ∈ ω such that no element of γk intersects both Ox and
Oy.
For the sake of brevity, we will call such a sequence of open covers a Zenor system of
covers if it also satisfies the next condition:
(r) γn+1 refines γn, for each n ∈ ω.
A fundamental system of covers of X is a sequence {γn: n ∈ ω} of open covers of X
satisfying the following condition:
(f ) For each x ∈ X and for every open neighbourhood Ox of x, there are m ∈ ω and
an open neighbourhood V of x such that Stγm(V ) ⊂ Ox, where Stγm(V ) =
⋃{W ∈
γm: V ∩W = ∅}.
It is well known (see [8] or [7]) that every space with a fundamental system of covers
is metrizable. If Y is a subspace of a space X, and η = {γn: n ∈ ω} is a system of covers
of X, then the trace η|Y of η on Y is the system {γn|Y : n ∈ ω} of covers of Y , where
γn|Y = {V ∩ Y : V ∈ γn} is the trace of γn on Y .
A subset A of a space X is said to be bounded in X if every infinite family ξ of open
subsets of X such that V ∩ A = ∅, for every V ∈ ξ , has an accumulation point in X.
If X is bounded in itself, then we say that X is pseudocompact. It is easy to see that for
Tychonoff spaces this definition of pseudocompactness is equivalent to the usual one: every
continuous real-valued function on X is bounded.
Theorem 1. If X is a regular space with a regular Gδ-diagonal, then the closure of every
bounded subset A of X is metrizable.
To prove this statement, we need two lemmas, the first of which is, probably, known.
Lemma 2. Let X be a regular space, A be a bounded subset of X, and a ∈ A be a Gδ-point
in X. Then the space A is first countable at a.
Proof. Fix a sequence {Vn: n ∈ ω} of open neighbourhoods of a in the space X such
that Vn+1 ⊂ Vn, for n ∈ ω, and {a} =⋂{Vn: n ∈ ω}. Put Wn = Vn ∩ A. We claim that
{Wn: n ∈ ω} is a base of A at a.
Take an arbitrary open neighbourhood Oa of a in X. Clearly, it suffices to show that
Wk ⊂ Oa, for some k ∈ ω. Assume the contrary, and put Un = Vn \Oa, for n ∈ ω. Then Un
is open in X and Un ∩A = Wn \Oa = ∅. Since A is bounded in X, the sequence {Un: n ∈
ω} has an accumulation point z in X. Clearly, z ∈ X \ Oa, since Un ⊂ X \ Oa, for every
n ∈ ω. On the other hand, z is an accumulation point for the sequence ξ = {Vn: n ∈ ω},
since Un ⊂ Vn. However, the only accumulation point of ξ is, obviously, a. Hence, z = a,
a contradiction. 
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subset of X. Then, for every Zenor system of covers η = {γn: n ∈ ω} of X, the trace of η
on A is a fundamental system of covers of the space A.
Proof. Fix x ∈ X and an arbitrary open neighbourhood Ox of x. Notice, that each point
in X is, obviously, a Gδ-set, since X has a Gδ-diagonal. It follows from Lemma 2 that
A is first countable. Therefore, we can fix a decreasing sequence {Vn: n ∈ ω} of open
neighbourhoods of x in A which is a base of A at x.
For n ∈ ω, put Un =⋃{W ∈ γn: Vn ∩ W = ∅} = Stγn(Vn) and Fn = Un. Since η is
a Zenor system of covers, we have {x} =⋂{Fn: n ∈ ω}. It follows that the family ξ =
{Un \ Ox: n ∈ ω} cannot have an accumulation point in X. Since A is bounded in X,
and every element of ξ is open in X, this can occur only if (Uk ∩ A) \ Ox is empty,
for some k ∈ ω. Then (Uk ∩ A) ⊂ Ox. Since X is regular, and Ox is an arbitrary open
neighbourhood of x, it follows that the trace η|A of η on A is a fundamental system of
covers of X. 
Theorem 1 follows from the above lemmas, since the closure of a bounded set is a
bounded set. The next corollary is an old result of McArthur [10].
Corollary 4. Every pseudocompact regular space X with a regular Gδ-diagonal is a
metrizable compactum.
Proof. Indeed, every pseudocompact space is bounded in itself. Therefore, it follows from
Theorem 1 that X is metrizable. It remains to observe that every pseudocompact metrizable
space is compact. 
Corollary 4 shows that to have a regular Gδ-diagonal is a much stronger property than
to have a Gδ-diagonal. Indeed, the well known Mrowka space Ψ is a Moore space and
therefore, has a Gδ-diagonal, while Ψ does not have a regular Gδ-diagonal, since it is
pseudocompact and non-metrizable.
Corollary 5. Suppose that a regular space X is σ -bounded, that is, X is the union of a
countable family of bounded subsets, and that X has a regular Gδ-diagonal. Then X is the
union of a countable family of closed metrizable subspaces.
Proof. This follows from Theorem 1, since the closure of a bounded set is bounded. 
Corollary 6. Every σ -bounded regular space X with a regular Gδ-diagonal is a σ -space,
that is, X has a σ -discrete network and therefore, is subparacompact.
Problem 7. Does every σ -bounded Tychonoff space X with a regular Gδ-diagonal have a
countable network?
Among spaces with a regular Gδ-diagonal we find all continuously symmetrizable
spaces (see [6]). Therefore, we have the following:
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It is easy to see (and is well known) that every submetrizable space has a regular
Gδ-diagonal. The converse, however, is not true. Reed [11] has constructed a Moore space
with a regular Gδ-diagonal that is not submetrizable. For the sake of completeness, we
describe below Reed’s space.
Example 9. Let X = X0 ∪ X1 ∪ U , where X0 = R × {0}, X1 = R × {−1}, and U = R ×
(0,∞). For x = (a,0) ∈ X0 we may let x′ denote the twin element (a,−1) ∈ X1. For
n ∈ N and x = (a,0) ∈ X0 let Vn(x) = {x} ∪ {(s, t) ∈ U : (t = s − a) ∧ (0 < t < 1n )}, and
Vn(x
′) = {x′} ∪ {(s, t) ∈ U : (t = a − s)∧ (0 < t < 1
n
)}.
The topology T on X is induced by isolating all elements of U and using the collections
{Vn(x): n ∈ ω, n  1} and {Vn(x′): n ∈ ω, n  1} as bases of the topology at x and x′,
respectively. Suppose there was a metrizable topology F ⊂ T. For every x ∈ X0 we can find
disjoint F-open neighbourhoods W(x) and W(x′) of x and x′ respectively. Without loss
of generality we may assume that the collection U = {W(x): x ∈ X0} is σ -locally finite
with respect to F. For n ∈ N let Kn = {x ∈ X0: Vn(x) ⊂ W(x)}. By the Baire Category
Theorem, there is some m ∈N and some J ⊂ Km such that {W(x): x ∈ J } is locally finite
and the closure in R of the set of first coordinates of the points in J contains some non-
trivial interval [c, d] in R. Clearly, we may assume that z = (d,0) ∈ J . There is some
k ∈N such that Vk(z′) intersects only finitely many elements of the family {W(x): x ∈ J }.
Clearly, there is a such that c < a < d and Vk(z′) ∩ Vk(x) = ∅ for all x ∈ J such that
a < π1(x) < d , where π1(x) is the first coordinate of x. Therefore, there must be some
non-trivial closed interval I ⊂ [a, d] such that W(x) = W(y) for all x, y ∈ (I × {0}) ∩ J .
Pick any interior point t ∈ I with y = (t,0) ∈ J . Now, Vk(y′)∩W(y) = ∅ and this implies
W(y′)∩W(y) = ∅, a contradiction to the original choices of W(y), W(y′).
Clearly, X is a Moore space. It is also easily seen that X is continuously symmetrizable.
Indeed, if x ∈ X0 and y = (s, t) ∈ V1(x) \ {x} we put d(x, y) = t = d(y, x). If x′ ∈ X1 and
y = (s, t) ∈ V1(x′) \ {x′} we put d(x′, y) = t = d(y, x′). For distinct y = (s, t), z = (u, v)
from V1(x) \ {x} we put d(y, z) = max{t, v}. Similarly, for distinct y = (s, t), z = (u, v)
from V1(x′) \ {x′} we put d(y, z) = max{t, v}. For all other distinct x and y in X we put
d(x, y) = 1. It is easy to verify that d generates the topology of X and is continuous.
Therefore, X has a regular Gδ-diagonal [6].
Notice, that all Tychonoff submetrizable spaces are Dieudonné complete; this motivates
the next question.
Problem 10. Is every continuously symmetrizable space Dieudonné complete?
Problem 11. Is every Tychonoff space with a regular Gδ-diagonal Dieudonné complete?
Since a bounded subset Y of a space X need not be bounded in itself, it is natural to ask
the following questions (compare to Corollary 4).
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pact? Separable?
Problem 13. Is every closed bounded subset of a regular space with a regular Gδ-diagonal
compact? Separable?
Though the real strength of the condition that a Tychonoff space X has a regular Gδ-
diagonal is not fully understood yet, we have the following result for dense subspaces of
product spaces.
Theorem 14. Suppose that Y is a dense subspace of the product X =∏{Xa : a ∈ A} of
some family of separable metrizable spaces Xa . Suppose further that Y is a space with a
regular Gδ-diagonal. Then there exists a countable subset B of A such that the restriction
to Y of the natural projection πB :X → ∏{Xa: a ∈ B} is one-to-one. Therefore, Y is
submetrizable.
Proof. First, we recall some convenient terminology. Let M be a subset of the product
space X =∏{Xa : a ∈ A}, H be a subset of M , and B be a subset of the indexing set A.
We denote by xa the ath coordinate of a point x ∈ X. We will say that the set H is B-free in
M if whenever m ∈ M and h ∈ H are such that ma = ha , for each a ∈ B , we have m ∈ H .
Now take the product spaces X ×X, Y × Y , and let ΔY be the diagonal of Y . We have
ΔY ⊂ Y × Y ⊂ X ×X. Since Y was assumed to have a regular Gδ-diagonal, and Y × Y is
dense in X×X, we can fix a decreasing sequence (Un: n ∈ ω) of open sets in X×X such
that
⋂{Un: n ∈ ω} ∩ Y = ΔY (where the closure is taken in X ×X).
It is well known that the closure of an arbitrary open set in the product of separable
metrizable spaces is B-free in that product, for some countable subset B of the index set A
(this is Bockstein’s Lemma, see [8]). We apply this statement to the space
X ×X =
∏
{Xa : a ∈ A} ×
∏
{Xa : a ∈ A},
which is the product of separable metrizable spaces (below we write the index set for this
product as A⊕A). Since the union of any countable family of countable sets is countable,
we can fix a countable subset B of A such that Un is B ⊕B-free in X×X, for each n ∈ ω.
Then the intersection F =⋂{Un: n ∈ ω} is also B ⊕ B-free in X × X. It follows that the
diagonal ΔY is B ⊕B-free in Y × Y , since (Y × Y)∩ F = ΔY .
Claim. If y = (ya : a ∈ A) and z = (za : a ∈ A) belong to Y , and ya = za , for each a ∈ B ,
then y = z.
Consider the points (y, z) ∈ Y × Y and (y, y) ∈ ΔY . Clearly, (y, z) and (y, y) coincide
on B⊕B . Since the set ΔY was shown above to be B⊕B-free in Y ×Y , and (y, z) ∈ Y ×Y ,
it follows that (y, z) ∈ ΔY . However, this can be the case only if z = y. 
As a straightforward corollary, we obtain the following evaluation of the cardinality of
dense subspaces of arbitrary products of separable metrizable spaces.
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spaces has a regular Gδ-diagonal, then |Y | 2ω.
Proof. Indeed, under the assumptions, the Souslin number of Y is countable. Since by
Theorem 14, X is submetrizable, it follows that there exists a one-to-one continuous map-
ping of X onto a separable metrizable space Z. Therefore, |Y | = |Z| 2ω. 
Buzyakova in [4] has obtained a completely unexpected result: if a space X with the
countable Souslin number has a regular Gδ-diagonal, then the cardinality of X does not
exceed 2ω. Clearly, this result of Buzyakova greatly improves Corollary 15. In connection
with Buzyakova’s theorem, Reed’s example, and Theorem 14 the next question seems to
be interesting.
Problem 16. Is every Tychonoff (regular) space with the countable Souslin number and
with a regular Gδ-diagonal submetrizable?
The restriction on the diagonal in Theorem 14 cannot be weakened to the requirement
that the diagonal is a Gδ-set, since V.V. Uspenskiı˘ has shown [12] that there are very nice,
but also as large as we wish, dense subspaces of products of separable metrizable spaces
with a Gδ-diagonal (in fact, strongly σ -discrete).
3. The case of paratopological and semitopological groups
In this section we want to show that the notion of a regular Gδ-diagonal is relevant to
the study of topological structure of paratopological groups.
First, for Abelian paratopological groups we improve a result of Y.Q. Chen who has
shown that a Hausdorff first countable paratopological group has a Gδ-diagonal [5]. See
also [1].
Theorem 17. Every Hausdorff first countable Abelian paratopological group G has a reg-
ular Gδ-diagonal.
Proof. Fix a countable base B at the neutral element e in G, and take any x ∈ G distinct
from e.
Claim 1. There exists P ∈ B such that P 2 ∩ xP 2 = ∅ and x /∈ P 2(P−1)2.
Indeed, there is an open neighbourhood U of e such that U ∩ xU = ∅, since G is Haus-
dorff and the multiplication in G is continuous. We can select now an open neighbourhood
W of e such that W 2 ⊂ U . It remains to pick up P ∈ B such that P ⊂ W . This is possible,
since B is a base of G at e. Both conditions in the Claim are obviously satisfied.
Notice, that we can slightly strengthen Claim 1 as follows:
Claim 2. For any two distinct elements y and z in G, there exists P ∈ B such that yP 2 ∩
zP 2 = ∅ and z /∈ yP 2(P−1)2.
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first formula, we only have to apply Claim 1 to x = y−1z.
Now we define a family of open covers of G as follows. For each P ∈ B, put γP =
{xP : x ∈ G}. Then E = {γP : P ∈ B} is a countable family of open covers of X. Let us
show that E satisfies the following property:
(∗) For every pair of distinct points y and z in G, there are open neighbourhoods Oy
and Oz of y and z, respectively, and an element P of B such that no element of γP
intersects both Oy and Oz.
Indeed, using Claim 2, take P ∈ B such that z /∈ yP 2(P−1)2, and put Oy = yP , Oz =
zP . Clearly, Oy and Oz are open neighbourhoods of y and z, respectively. Let us check
that they have the desired property.
Assume the contrary. Then, for some x ∈ G, we have yP ∩ xP = ∅ and xP ∩ zP = ∅.
We can fix a, b, c, and d in P such that ya = xb and xc = zd . Then yab−1cd−1 = z. Since
G is Abelian, it follows that z ∈ yP 2(P−1)2, a contradiction.
Hence, the family E satisfies condition (∗). Now it follows from a result of Zenor [13]
that the space G has a regular Gδ-diagonal. 
Corollary 18. Let G be a regular first countable Abelian paratopological group. Then
every pseudocompact subspace of G is a metrizable compactum.
Corollary 19. Let G be a regular first countable Abelian paratopological group. Then
every bounded subspace of G is metrizable.
Problem 20. Is every regular first countable (Abelian) paratopological group submetriz-
able?
Since every submetrizable space is (hereditarily) Dieudonné complete (see [8]), the last
problem suggests the following question:
Problem 21. Is every regular first countable (Abelian) paratopological group Dieudonné
complete?
We say that a space X has a zero-set diagonal if the diagonal in X × X is a zero-set
of some continuous real-valued function on X ×X. Clearly, all submetrizable spaces have
a zero-set diagonal.
Problem 22. Is it true that every regular first countable (Abelian) paratopological group G
has a zero-set diagonal?
Problem 23. Is every Tychonoff space X with a zero-set diagonal Dieudonné complete?
Problem 24. Give an example of a Tychonoff space X with a regular Gδ-diagonal but not
with a zero-set diagonal.
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Buzyakova in [3] has proved that every separable space with a regular Gδ-diagonal
has a weaker Hausdorff topology with a countable base. It turns out that an argument
similar to hers can be run through in the context of semitopological groups. Recall that a
semitopological group is a group with a topology such that the multiplication is separately
continuous.
Theorem 26. Suppose that G is a separable semitopological group with a countable family
ξ of open neighbourhoods of the neutral element e such that e =⋂{U : U ∈ ξ}. Then there
exists a weaker Hausdorff topology on G with a countable base.
Proof. Fix a countable dense subset M in G. Put E = {Ud−1: d ∈ M, U ∈ ξ} ∪ {G \
(Ud−1: d ∈ M, U ∈ ξ}. Clearly, the family E is countable and consists of open sets.
Claim. For any two distinct points a, b in G, there are disjoint W1 ∈ E and W2 ∈ E such
that a ∈ W1 and b ∈ W2.
Since ab−1 = e, there is U ∈ ξ such that ab−1 /∈ U . By separate continuity of multipli-
cation, we can find an open neighbourhood V of e such that V ⊂ U and (ab−1V )∩U = ∅.
Since M is dense in G and b−1V is a non-empty open set, we can choose d ∈ M∩b−1V .
Then ad /∈ U . Hence, a /∈ Ud−1, that is, a ∈ G \ (Ud−1). We put W1 = G \ (Ud−1).
From d ∈ b−1V we have bd ∈ V . However, V ⊂ U . Hence, bd ∈ U , that is, b ∈ Ud−1.
Put, W2 = Ud−1. Clearly, W1 and W2 are both in E, W1 ∩ W2 = ∅, and a ∈ W1, b ∈ W2.
The claim is proved.
Now we can use the countable family E as a subbase for a new topology on G; this
topology is, clearly, Hausdorff, and is contained in the original topology of G. 
Corollary 27. Suppose that G is a Hausdorff, separable, first countable, semitopological
group. Then there exists a weaker Hausdorff topology on G with a countable base.
A result similar to Theorem 26 holds in the class of Tychonoff spaces.
Theorem 28. Suppose that G is a Tychonoff separable semitopological group of countable
pseudocharacter. Then there exists a weaker Tychonoff topology on G with a countable
base.
Proof. The proof is very close to the proof of Theorem 26. There is a countable family ξ
of open neighbourhoods of the neutral element e consisting of cozero-sets and satisfying
the condition
⋂{U : U ∈ ξ} = {e} , since the space G is Tychonoff. Then all elements of
the family E1 = {Ud−1: d ∈ M, U ∈ ξ} are also cozero-sets, since translations are home-
omorphisms. Therefore, for every W ∈ E1, we can fix a continuous function fW :G → R,
such that W = {x ∈ G: fW(x) = 0}. Then F = {fW : W ∈ E} is a countable family of
continuous functions on G separating points of G (see the proof of Theorem 26). Hence,
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separable metrizable space. 
Corollary 29. If G is a Tychonoff, separable, first countable semitopological group, then
every pseudocompact subspace of G is metrizable (and compact).
Problem 30. Is every regular first countable paratopological group subparacompact?
Problem 31. Does every first countable regular (Tychonoff) semitopological group have a
regular Gδ-diagonal?
Problem 32. Is every Tychonoff first countable semitopological group submetrizable?
Problem 33. Suppose that G is a semitopological group which is a first countable p-space.
Is G a Moore space?
In some of the above results we can weaken the first countability assumption to the
requirement that the π -character or the π -weight is countable. For example, we have:
Theorem 34. If G is a Tychonoff semitopological group with a countable π -base, then G
is submetrizable (and therefore G has a zero-set diagonal).
Proof. It was shown in [1] that in any Hausdorff semitopological group with a countable
π -base at the neutral element every point is a Gδ . Note that G is separable as any space
with a countable π -base. Now it follows from Theorem 28 that the space G is submetriz-
able. 
There is a curious similarity between this result and van Douwen’s remarkable theorem
that the cardinality of arbitrary homogeneous Hausdorff space with a countable π -base
does not exceed 2ω. Indeed, every semitopological group is a homogeneous space, but our
conclusion is stronger, since the cardinality of every separable submetrizable space does
not exceed 2ω.
In van Douwen’s theorem mentioned above the conclusion cannot be strengthened to
submetrizability. Indeed, the double arrow compactum of Alexandroff and Urysohn is first
countable, homogeneous, has a countable π -base, but is not submetrizable.
Since every topological group with a countable π -base is first countable, it is natural
to ask whether the same is true for paratopological groups. Below we present an example
showing that this is not the case.
Example 35. We are going to construct a regular separable paratopological group G with
a countable π -base and with the Baire property such that the space G is not first countable.
Let T be the usual topology of R2. We will introduce a new topology T1 on the set R2.
First, we define B1 as the family of all V ⊂ R2 such that there is (a, b) ∈ V with the
following properties:
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(2) there is ε > 0 such that {(x, b): a < x < a + ε} ⊂ V .
Clearly, if V1 and V2 are in B1, and s ∈ V1 ∩V2, then there is V ∈ B1 such that s ∈ V ⊂
V1 ∩V2. Therefore, B1 is indeed a base of some topology T1 on R2 that contains the usual
topology T.
Claim 1. The space (R2,T1) is regular.
To see this, take any s ∈ R2 and any V ∈ B1 such that s ∈ V . Since the metric space
(R2,T) is hereditarily normal, one can find W ∈ T such that {s} ∪W ∈ B1 and the closure
of W in (R2,T) is contained in V . Therefore, the space (R2,T1) is regular.
Claim 2. The space (R2,T1) is a paratopological group.
For the sake of brevity, for any s ∈ R2 we will call a spear at s any horizontal (that
is, parallel to x-axis) closed interval I in R2 of non-zero length and such that s is its left
endpoint (that is, the x-coordinate of s is the smallest among all points of I ). If I is a
spear at s then I ′ will stand for the set I \ {s}. To establish Claim 2, we need the following
technical result:
Lemma 36. Let I be a spear in R2 at some s ∈ R2, U ∈ T, and K be a compact subset of
(R2,T) such that t +K ⊂ U , for each t ∈ I \ {s} = I ′. Then there is a set W ∈ T such that
I ′ ⊂ W , the closure F of W in (R2,T) is compact, and K + (F \ {s}) ⊂ U .
Proof. Since (R2,T) is a topological group, we can find V ∈ T such that I ′ ⊂ V and
K + V ⊂ U . Clearly, we may assume that the closure of V in (R2,T) is compact and that
s is not in V . Let Y = R2 \ {s} considered as a subspace of (R2,T). Then I ′ is a closed
subset of Y , and V is an open neighbourhood of I ′ in Y . Being a metric space, Y is normal.
Therefore, we can find an open subset W of the space Y such that the closure P of W in
Y is contained in V . Then W ∈ T and the closure F of W in (R2,T) is contained in the
closure of V in (R2,T). Since the last set is compact, we conclude that F is compact as
well. We also have F \ P = {s}. Therefore,
K + (F \ {s})⊂ K + P ⊂ K + V ⊂ U. 
Now take any s, t ∈ R2 and put r = s + t . Take any Or ∈ T1 such that r ∈ Or . Let us
show that there are Os,Ot ∈ T1 such that s ∈ Os, t ∈ Ot , and Os + Ot ⊂ Or . Clearly,
we may assume that Or = {r} ∪ U , for some U ∈ T. Since Or ∈ T1, there is a spear Ir at
r such that I ′r = Ir \ {r} ⊂ U .
Obviously, we can find spears Is and It at s and t , respectively, such that
Is + It ⊂ Ir .
Then Is + It ⊂ Ir ⊂ Or = {r} ∪ U . Since a + b = r for a ∈ Is and b ∈ It only if a = s
and b = t , we have I ′s + It ⊂ U . Since It is compact, we can apply Lemma 36 with I = Is
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compact, and It + (F \ {s}) ⊂ U . Notice that I ′t + s ⊂ I ′r ⊂ U . Therefore,
It + F ⊂ {r} ∪U = Or.
It also follows that
I ′t + F ⊂ U.
Hence, we can again apply Lemma 36, with I = It and K = F this time. This provides
us with a set G ∈ T such that I ′t ⊂ G, the closure H of G in (R2,T) is compact, and
F + (H \ {t}) ⊂ U . Since we already know that F + t ⊂ F + It ⊂ Or = {r} ∪U , we have
F +H ⊂ Or.
Put Os = {s} ∪W and Ot = {t} ∪G. Then Os +Ot ⊂ F +H ⊂ Or , by the above for-
mula. Hence, addition is (jointly) continuous in (R2,T1) and (R2,T1) is a paratopological
group.
Since any base of T serves also as a π -base for T1, the space (R2,T1) has a countable
π -base and is separable.
It is obvious from the definition of T1 that (R2,T1) has the Baire property.
On the other hand, (R2,T1) is not first countable. Indeed, it is not even Fréchet–
Urysohn, since each converging sequence in the space (R2,T1), starting from some n,
becomes horizontal. Thus, not every regular paratopological group with a countable π -
base is first countable.
The space (R2,T1) contains many closed discrete subspaces of cardinality 2ω (take ver-
tical lines, for example). Since (R2,T1) is separable, it follows that (R2,T1) is not normal.
However, we can easily construct a paratopological group with a much stronger combina-
tion of properties than in Example 35 if we are prepared to sacrifice the Baire property.
Indeed, we have the following
Theorem 37. There is a countable Tychonoff (therefore, Lindelöf and normal) paratopo-
logical group G with a countable π -base which is not first countable (therefore, not
metrizable), and not Fréchet–Urysohn.
Proof. Suffices to take all points in R2 with both rational coordinates and to provide the
subgroup G of R2 so obtained with the topology generated by T1. Clearly, the subspace G
is dense in (R2,T1); this implies that G also has a countable π -base. Clearly, G is not first
countable for the same reason as (R2,T1). 
Problem 38. Let G be a normal (Lindelöf) paratopological group with a countable π -base
such that the space G is Fréchet–Urysohn. Is G first countable?
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